THE SUMMABILITY OF THE TRIPLE FOURIER SERIES AT
POINTS OF DISCONTINUITY OF THE FUNCTION DEVELOPED*

BY

BESS M. EVERSULL

In a previous papert the author has studied the summability of the
development of a function of three variables in a triple Fourier series at
points of continuity of the function developed, using the method originated
by Fejér and applied by him to problems involving simple series. For the
latter series the proof of the summability at points of discontinuity of the
first kind (finite jumps) is quite similar to that for points of continuity,
and the two cases can be treated by means of a single discussion. In
passing to the case of the double Fourier series, it is found that the
study of the behavior of the series at points of discontinuity of an analogous
type presents difficulties and complications that do not arise in connection
with points of continuity.; When we go on to the case of triple series,
we find that the difficulties and complications of the corresponding problem
are still further increased.

In the present paper a study is made of the summability of the triple
Fourier series at points of discontinuity of the type that would be apt to
arise in physical applications. This includes discontinuities lying on plane
or curved surfaces, and such that the function to be developed approaches
the same value as we approach the point along any path lying entirely
within the region of continuity.

The definition of summability used in the discussion of the triple series
is analogous to that of Cesaro for the simple series. Designating by simn
the sum of the Immn terms of the triple series > aums lying in a rectangular
parallelepiped / terms high, m terms broad, and » terms deep, in the upper,
left-hand, forward corner of this series, and forming

l,m,n . .
P I'(r+1—7) I'(r+m—jy) I'r+n—k
@ S‘"‘";l,é,m I(I(—it+1) T (m—j+1) T (n—k+1)

r(l+r) ) Ir'(m+r) ] I'(n+r)
r(r+1)rQ) r(r+10r(m) r(r+1)rn)’

* Presented to the Society, December 28, 1923.
TAnnals of Mathematics, ser. 2, vol. 24 (1922), pp. 141-166.
1A discussion of this case has been given by Professor C. N. Moore (cf. Mathe-
matische Annalen, vol. 74 (1913), pp. 557-572.
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we say that the triple series is summable (Cr) to the limit

(r)
(3) lim Simn

l,m,n—> o Imn
and has the value of that limit, providing such a limit exists.

1. DISCONTINUITIES ALONG PLANE SURFACES

The triple Fourier series corresponding to the function f(z, y, z) may
by written in the form

00, 00, 00 1

@) 1 & ey QEAMFEAIm)FEAN) 78
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. f f f(-x’r yly zl) Punn (x’ Y, e, x,7 :1//9 z,) do’ dy’ d? ’
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where
len(wy Y, %, xlr y,a Z’)

= cos [(1—1)(2'—2)] cos [(m—1)(y'—y)] cos [(n—1)('—2)]

and E(u) represents the largest integer contained in u.

We wish to investigate first the behavior of the series at a point of
discontinuity such that all other points of discontinuity in its neighborhood
lie on a plane passing through that point and such that f(«, y, 2) approaches
a definite value as we approach the point of discontinuity from either side
of the plane. Several lemmas are necessary before we can prove the
fundamental theorem. The first two are merely stated, their proofs appearing
in a previous paper by the writer.*

LEmMMA 1. Let R be a region in space lying within the cube whose sides
are « = * (n—ep1), 8 = X (m—e1), r = X (n—e01), and outside the
sphere of radius o2 whose center is at the origin, where o, and 02 are two
positive constants whose sum is less than n. Then if ¢(«, B, y) is finite
and integrablet in R, the limit

i 1 sin®le sin*mB  sin®ny
l,m,lrlntioo Imn ffjl;qa(a, B, 7) sinfae  sin®8  siny dedBdy

will exist and be equal to zero.

* Loc. cit., pp. 154-156, 157-158. .
T Here and elsewhere thoughout the paper, when it is said that a function is integrable,
it is meant that it has an integral according to the definition of Lebesgue.
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LemMA 2. Let R be a region within the cube described in Lemma 1, and
such that the point « = 8 = y = 0 lies within or on the boundary of R.
Then if ¢ (e, B,7) is finite and integrable in R, and if

lim 9’(“7:8,7)::0)

«, B,r—>0

2 2
fjf?’(“ ﬂ’y)sm la sin®mAB smfnyd iBdy

*a sin*B  sin®y

the limit

lm,n—)oo lmn

will exist and be equal to zero.
LemMmA 3. If g, h and k are positive numbers less than m, the limit

sin®le sin®mpB sin®ny
lm,n—>oo lmn fff lin® e sin!ﬂ Si]ls;' dadﬂdy

and the seven others in which the limits of integration are respectively
—g o0, Otoh, Otok; Otog, —htoO, Otok; Otog, Otoh,
—k to0; —gto0, —htoO, Otok; —g to 0, O to h, —k 1o O;
0tog, —htoO, —kto0; —gto 0, —h to 0, —k to 0, will each exist
and be equal to .

The proof for the first limit follows easily from Lemma 1 and a result
due to Fejér.* The succeeding seven cases may be reduced to the first
by a suitable change of variable. An analogous proof is given under
Lemma 5 of the writer’s previous paper.

Lemma 4. If g, h and k are positive numbers less than 7 and we divide
the parallelepiped whose sides are « = T g, 8 = t h, y = 1 k into two
parts R, and R, by passing a plane through the diagonal joining two
opposite vertices, the limits

. 1 sinfle sin®*mB sinfny }
,,m}},“i,w{mffj;, sinfe  sin*8  sin'y dedpdyf,

. 1 " sin*le sin*mB sin’ny }
l,m,l'rltn—]>oo { Imnnd IJJ;‘ sm o sm’ﬂ Sill da dﬂ d;’

will exist and will each equal 3

Suppose the plane passes through the diagonal joining the vertices (g, %, k)
and (—g,—h,—k). In general this plane will cut through two pairs
of faces. Suppose for the sake of definiteness that we assume it cuts the

(®)

*Mathematische Annalen, 58 (1904), p. 55.
23
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faces « = t g, 8 = t h. We shall chose R, as the region included
between the dividing plane and the planes « = * g, 8 =t h, y = —k,
and show that the first limit in (6) exists and is equal to 2. It will then
follow that the second of these limits exists and is equal to %, as we
know that the sum of the two expressions in brackets approaches the limit
unity as /, m and » become infinite.

The equation of the plane may be written in the form y =pea-+t¢8
where p and ¢ are constants. The quantity in brackets in the first of

expressions (6) may then be written

NN
ST

where the quantity under the integral sign in each case is the same as
that under the integral sign in the expression (6).

The first term of (7) approaches % as a limit as !, m and n become
infinite, by Lemma 3. If we make the substitution ¢« = — o/, 8 = — §/,
y = — 7 in the third and fourth terms, the third combines with the fifth
to form an expression which by Lemma 3 approaches 1 as a limit as
l, m and » become infinite, and the fourth combines with the second to
form an expression which approaches % as I, m and n become infinite, by
the same lemma. Hence in this case the limit of the first of expressions (6)

exists and is equal to ;.

The plane through the diagonal joining the vertices (g, %, %) and
(—g, —h,—k) may also be perpendicular to one of the planes, say
to y = k. In this case we take R, to be the region included between the
plane through the diagonal and the planes e =g, 8= —"n, y = * k.

The quantity in brackets in the first of expressions (6) will then be

L0 I I Y A B I I 3

where the expression under the integral signs is the same as in (6). From
Lemma 3 the first term of this expression approaches % as !, m and n
become infinite. If in the third term we make the change of variable



1924] TRIPLE FOURIER SERIES 317

. this term combines with the second to produce an expression which, from
: Lemma 3, also approaches ; as !, m and n become infinite, and hence for
this case also the first limit in (6) exists and is equal to %.

Hence this is true for all positions of the plane through the diagonal,
and as shown before, the second limit in (6) must also exist and be equal
to 3 for all positions of the plane. The lemma is therefore proved.

LEMMA 5. If R is the region descr ibed in Lemma 2, the limit

sin®le sin m,8 sinfny
lmn-—)oo[l’m’nffﬁ sinfe sin®B8 sin®y dedBdy

___Jff sin® la sin mﬂ sin® nrd dﬂd;']
Imn 7?

will exist and be equal to zero.
The expression in brackets may be written in the form

sm”' sin® 8 sin®y
lmnfffl 1— ﬁ”)(l— )’2)

sin®le sin®*mpB sin®ny
sine  sin®8  sin?y

dedBdy.

It may easily be seen that the product of the three terms in parentheses
under the integral sign satisfies the condition imposed on ¢ (e, 8, y) in Lemma 2,
and hence the lemma follows at once.

LeEMMA 6. Let R be a region within the cube described in Lemma 1, and
without the cube —e < a<e, —e < B¢, —e< y<¢ where ¢ is an
arbitrarily small positive quantity and ¢ («, 8, r) a function that is integrable
in B and remains finite in that part of B which includes all points whose
coordinates satisfy one or two of the conditions

(8) -—séaée, _séﬂgey — ¢
Then the limit

. 1 sin®fle sin®mpB sin®*ny
®) lim imn fjj;g)(“’ A7) sinfe  sin*g8  sin®y dedpdy

l,m,mn—>o0

AN
~
IA

will exist and be equal to zero.
The quantity in (9) may be written in the form

2 wat S S S

28*
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where the integrands are the same as that in (9), R’ that part of R which
includes all points whose cotrdinates satisfy one or two of the conditions (8),
and R” the remainder of R.

By Lemma 1 the first term of (10) approaches zero as a limit -as I, m
and n become infinite.

Consider now the second term of (10):

1 sin®le sin®mB sininy l
Imn ffj;,q’(“’ A7) sinfe sin?8  sin®y dedpdy

1
< Wffj; lg(e, B, 7)| dedBdy

where 5 is the smaller of the quantities ¢ and d, J being the least distance
between R’ and the cube « = t n, 8= t n, y = *+ m. The right-hand
side of this inequality may be made as small as we please by choosing I, m
and n sufficiently large and therefore the second term of (10) approaches
zero as I, m and n become infinite. Hence the limit (9) exists and is equal
to zero and the lemma is proved.

Before proving the next theorem we shall define an expression which
we wish to use in the statement of this and succeeding theorems. A critical
region associated with the point (xzy, y,,2) is defined as a region made up
of points whose codrdinates satisfy one or more of the inequalities

n—eSrSmte p—eSySyteE a—e<z< ot

where ¢ is an arbitrarily small positive quantity.
We are now ready to prove the following theorem:
THEOREM 1. If f(x, y, 2) is integrable in the region

(11) (—x sz m, —n<ys o, —n < z< w)

and (xy, ¥, 21) 18 a point of discontinuity of f(x,y, z) such that every
other point of discontinuity in the neighborhood of (1, Y1, 21) lies on a plane
passing through that point, and the function approaches a definite value as
we approach the point from either side of the plane, the series (4) will be
summable (C'1) at that point to a value half way between the limiting values
of the function, provided f(x, y, z) remains finite in some critical region
associated with the point (xy, i, 21).
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For the series (4) at the point (x, ¥, 2z:) We have

(1) T T T
lmn(xly Y1, Zl) . 1 ’oo
Imn T 8lmnnt)_J_, _,,f(x’ Ys2)

sin® Ha'—2) sinsm(y,_y‘) sin’——————n(z,_zl)
2 2

(12)

s L T s Y —h
sin 2 Sin 2 '———2

where Simn is defined by equation (1). Making the change of variable
(13) r—ax = 2e, y—uy = 28, F—z = 2y

we have
71’-—.2‘1 T n—z

Stmn (T, 1,21) J f f
lmn lmnn 7l'+.’l}1 - 71’—{—11 f(ml+2a) ?/1+2,3, 41"1‘2 )

2

(14)
sin®le sin*mg sin®ny
sinfee  sin?8  sin®y

dedBdy.

In order to prove the theorem we must show that as 7, m and » become
infinite, the right-hand side of the expression (14) is equal to one-half the
sum of the limiting values of the function.

Since all the points of discontinuity in the neighborhood of («,, ¥, 2 ) lie in
a plane, we can determine a rectangular parallelepiped of dimensions 29,
2h, 2k whose sides are parallel to the coérdinate planes and such that
the point (x;, v, z,) lies at the center of the parallelepiped and all other
points of discontinuity lie on a plane through (zy, ¥, 2,) either parallel to
two opposite faces of the parallelepiped or passing through one of its
diagonals.

If we make the transformation (13) this becomes a rectangular parallelepiped
whose center lies at the point « = 8 = y = 0. We may call this region R’,
designating the remainder of the region of integration in (14) by R". We
then have

o o e [
(15) Imn ~ Imnn® R'—I_ Imnn® B’

where the quantity under the integral signs is understood to be the same
as that in equation (14).
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By virtue of Lemma 6 the second term of the right-hand side of this
equation approaches zero as [, m and n become infinite.

The region R’ is divided into two parts, R; and Rj, by the plane of
discontinuity and hence the first term on the right-hand side of (15) may
be written in the form

(16) T;n;?'fj)f,’l lmnn Jf[b,

the expression under the triple integral signs being the same as in
equation (14).

If we represent by f; and f; the values which f(z, y, z) approaches as
we approach (xy, 1, z;) through the regions Ri and R; respectively, we
may write the first term of (16) in the form

1 ) sin®le sin®m@ sin® ny
Ilmnn® R,l‘f(“’ B, 7) Sinfe  sin®8  sin® y dedBdy

sin®le sin®mp sin*ny
+lmnn . sinfe  sin®@  sin’y dadBdy,

where ¢ (e, 8,7) = f(r,+2¢«, y, +28,2,+2y)—f1. It then follows
from Lemma 2 that the first term of this expression approaches zero as
!, m and » become infinite. The second approaches 27, as I/, m and n
become infinite, by virtue of Lemma 3 if the plane of discontinuity is
parallel to two opposite faces of the parallelepiped, or of Lemma 4 if it
passes through a diagonal.

Similarly it may be shown that the second term of (16) approaches 1 f;
as 7, m and n become infinite and therefore (16), and hence the left-hand
side of (14), approaches i (/i +/:) as !, m and n become infinite and the
theorem is proved.

For points on the boundaries of the region (11) except at the edges and
vertices, the results are analogous to those for points in the intcrior and
may be obtained by methods similar to those of Theorem I. These results
are given in the following corollary:

COROLLARY. If x; and y, are values of x and y lying in the interval
(< <mn, —n <<y<<m) and if f(x,y, z) is integrable in the region
(11) and furthermore is such that the limits

17 lim fx,y, 2), lim S(x,y,2)

T>XL,Y> Y, 2>T T>LH, Y > Y 2—>— T
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exist, the Fourier development of f(x,y,z) will be summable (C1) at the
points (xy, y1, m) and (xy, vy, —m) and its value will be one-half the sum
of the two limits (17), provided f(xz,y,z) remains finite in some critical
‘regions associated with (zy, y1, ®) and (1, y1, —n). Analogous statements
with corresponding conditions may be made for points on the other faces.

We shall next consider some of the results obtained when («y, ¥, 2,) is
a point of discontinuity of f(z, y, z) such that all other points of discon-
tinuity of the function in the neighborhood of that point lie on two planes
ithrough the point. When the planes are parallel to two of the codrdinate
iplanes the results are simple; this case, which is of special importance since
it is analogous to the case where the points lie on the edges of the region
of periodicity, is considered in the following theorem:

TueoreM 1I.  If f(x, y, 2) is integrable in the region (11) and (xl, Y1,21)
is a point of discontinuity of f(x, y, z) such that every other point of dis-
continuity in its meighborhood lies on one of two planes which are parallel
to two coordinate planes and pass through (zi, yi, 21), and if furthermore
the function approaches a definite value as we approach the point through
each of the four regioms into which the planes of discontinuity divide the
neighborhood of that point, the series (4) will be summable (C1) at (zy, 41, 21)
to a value which is one-fourth the sum of the four limiting values of the
Junction, provided f(x,y, z) remains finite in some critical region associated
with the point (xy, y1, z).

The proof of this theorem is similar to that of Theorem I. The follow-
‘ing corollary may also be established by similar methods:

COROLLARY. If x, is a value of x lying in the interval (—n < x < m)
and if f(x,y,2) is integrable in the region (11) and furthermore is such
‘that the four limits

(18) lim Sz, y,2)

rx—>n.y—>tr,z—>tw

‘exist, the Fourier development of f(x, vy, z) will be summable (C1) at each
of the four points (xy, X 7, X ) and to a value which is one-fourth the
sum of the limits (18). Similar statements may be made under analogous
‘conditions for points on the other edges.

Remark.—The conclusions of each of the first six lemmas hold equally
well if instead of becoming infinite together, I, m and n become infinite
in any other manner. Hence Theorems I and II and their accompanying
corollaries hold however I, m and n become infinite.

In all other cases where the point of discontinuity is such that all the
points of discontinuity in its neighborhood lie on two planes through the
point, the value which the expression
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(1)
Simn (1'1, Y1 21)
Imn

(19)

approaches as I, m and n become infinite depends on the positions of the
planes and also the manner in which /, m and » become infinite. Before
considering some of these cases it will be necessary to obtain some
preliminary results.

For the purposes of our work we may divide the parallelepiped of
Lemma 4 into four parts in two ways, namely by two planes each of which
passes through a diagonal joining two opposite vertices of the parallelepiped
or by two planes one of which passes through a diagonal and the other
passes through the center and is parallel to one of the faces. We may
now state the lemma:

Lemma 1. (a) If we divide the parallelepiped of Lemma 4 into jfour
parts By, Ry, K3, Ry by either of the above methods, and if each of the
ratios m/n, n/l, l/m approaches a finite limit or becomes infinite as I, m and n
become infinite, the limits

ind in2 hd
(20) lim - ffj; sin’le sinmB sWny o asdy (i=—1,2,3,4)

Lmn—>o00 IMMN sinfe sin?g sin®y

will exist and will each approach a limit between O and n®(2. Moreover
the sum of two limits in which the regions of integration are adjacent is
n%/2, and the limits for which the regions of integration are opposite are
equal. If any of the ratios between 1, m and m oscillates, the limits will
oscillate between 0 and 73/2, their values being subject to the same vestriction
as above.

(b) If the intersection of the planes is parallel to the a- (8- or y-) axis
the results are the same as gbove except that only the ratio m/n (n/l or l/m)
affects the values of the limits, which are fixed if this ratio remains fixed
and oscillate if it oscillates.

We shall consider, first, part («). That the value of each limit lies
between 0 and =%/2 or is equal to one of them, subject to the restriction
that the sum of two limits in which the regions of integration are adjacent
is equal to 7%/2. ‘s obvious from Lemma 3 if the plane used as the dividing
plane is parallel to a codrdinate axis, or from Lemma 4 if it is not.

That the limits are the same for opposite regions of integration may
be seen by making suitable changes of variable of the type ¢ = —«a'.

Each of the limits (20) depends on a limit of the type

lim 1 fyfpafqa+r,8 sin®le sin®mp sininy deddd
Lmn—ow Imn Jo Jo Jo sine  sind8  siny 4




1924] TRIPLE FOURIER SERIES 323

which, if we apply Lemma 5 and make the change of variable
(21) le =o', mB=48, ny=7y,
reduces to the form

z q“+

lg 2 2
. sm a sin?8 sin®y
l,m,lfltn—l>oo-£ J; f ot B dadpdy.

This limit depends on the values of the ratios between I/, m und n and
hence when any of these ratios oscillates the value of the limit oscillates.

To prove the lemma for case (b) we may assume that the intersection
of the planes is parallel to the «-axis. Each of the limits (20) depends on
a limit of the type

sin®le sin®*mB sin®*ny
I, m,n—>00 lmnjff sinfe«  sin*8  sin®y dadfdy

m
TP

lim

which reduces to the form

00 . o0 . ind
(22) J: S"“x?“{fo s‘;}:ﬂ U;"’ S"r‘,’ dr)dﬁ}da

by Lemma 5 and the change of variable (21) if we set

r = lim k.
m,n—>c0 M
The proof then follows as in part (a).

In this case we may obtain an exact value for the limits (20) since
they depend on triple integrals of the type of (22), which we may evaluate
without great difficulty. The double integral in brackets in (22) has been
evaluated by C. N. Moore*, and applying his results we have for the value
of (22)

n® n{ (r+1)log(r+1)—2rlogr+ (r—1)log(r—1)

] Z
(r—1) log(r—1)—(r+1) log(r+1) 1
+ 4r o (7 +

1 1
37,9 + o +"')}(7'>1),

ns

16 (r=1),

_n_{\l+r)]og(1+r)——2rlogr——(1—r)log(1-—r)
2 4

_ (=n)log(1—r) 4—l;(l+r) log(1+7) | ( + %rs.y %rﬁjt...)} 0 <r<i).

* Loc. cit. p. 564.
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We may now consider the summability of f(z,y,2) at a point of dis-
continuity such that all other points of discontinuity in its neighborhood
lie on two planes both of which are not parallel to a cod¢rdinate plane.
The proofs may easily be carried out by methods similar to those of
Theorem I except that Lemma 7 is used instead of Lemmas 3 and 4.

Let f(«,y,2) be a function that is integrable throughout the region (11)
and (xy, 71, z) a point of discontinuity of f(z, y, ) such that all the dis-
continuities in its neighborhood lie on two planes which pass through that
point and whose intersection is not parallel to a codrdinate axis, and further-
more let f(z, y, z) remain finite in some critical region associated with
(1, y1, 21) and approach a definite value as we approach («, y, z) through
each of the regions into which the planes of discontinuity divide the neighbor-
hood of that point. Then if /, m and » become infinite in such a manner
that any of the ratios n/m, I/n, m/l oscillates, the value of (19) will oscillate
between Z(fi+/3) and 3 (fe+ /1), where fi, f3, /s, fa are the values which
the function approaches, assigned in rotation. If the ratios become infinite
or remain finite the expression (19) will approach a finite limit between
L(fi+ /) and :(fa+ /1) or equal to one of them.

It f(x, y,2z) and (x,, ¥, 2,) satisfy the conditions of the preceding para-
graph except that the intersection of the planes of discontinuity is parallel
to one of the coordinate axes, the only ratio which affects the limit of the
expression (19) is n/m, I/n, m/l, according as the intersection of the planes
is parallel to “the z-, y- or z-axis. If this ratio oscillates the value of the
limit (19) will oscillate between .(f; +./f3) and :(f; +/:), and if it ap-
proaches a finite limit or becomes infinite (19) will approach a limit between
these values or equal to one of them. The exact value may be obtained
by determining the values of the limits (20) from the expressions for the
integral (22).

In particular we may derive the following theorem:

THeoREM III.  Let f(z,y,z) be a function which is integrable in the
region (11) and (zy, y,, 21) @ point of discontinuity of f(x, y, z) such that
cvery other point of discontinuity in its neighborhood lies on two mutually
perpendicular planes which pass through (x;, yi, 21) and whose intersection
is parallel to one of the coirdinate axes. Then if f(x, y, z) remains finite
in some critical region associated with (xy, ¥\, z1) and approaches a definite
value as we approach that point through each of the fowr regions into which
the planes of discontinuity divide its mneighborhood, the series (4) will be
summable (C1) at (x4, y1, 21) to one-fourth the sum of the four limiting
values of the function, provided the ratio n/m, l/n, or m/l, according as the
intersection of the plames of discontinuity is parallel to the x-, y-, or z-axis,
approaches unity as 1, m and n become infinite.
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Results similar to those obtained in the above discussion hold where the
discontinuities are distributed on a broken plane instead of on two inter-
secting planes.

We may also carry through discussions of the cases where the dis-
continuities lie on three or more planes intersecting at a point of dis-
continuity, but as these results are in general complicated we shall confine
ourselves to stating one particular case from which we may deduce the
behavior of the series at the vertices of the region (11). The results are
contained in the following theorem and its corollary, the proofs being carried
out by a method similar to that used in Theorem I:

TueoreM IV. If f(z, y, 2) is integrable in the region (11) and (xy, 1, 2;)
is a point of discontinuity of f(x,y,z) such that every other point of
discontinuity in its meighborhood lies on three planes through that point and
parallel respectively to the coordinate planes, and if moreover f(x,y,2)
approaches a definite value as we approach (a1, y1, z1) through each of the
eight regions into which the planes divide the neighborhood of that point,
the series (4) will be summable (C1) at the point (xy, y1, 2,) and to a value
which is one-eighth the sum of the eight limiting values of the function, provided
Sz, y,2) remains finite in some critical region associated with the point
(xla Y1, & )-

CoROLLARY. If f(x,y,2) is integrable in the region (11) and if the eight limits
(23) lim Sz, y,2)

r—>tr,y—>tr,z>4x
exist, the series (4) will be summable (C1) at the eight vertices of the region
(11) and dts value will be one-eighth the sum of the eight limits (23), provided
the function remains finite in some critical region of each of the eight vertices.

II. DISCONTINUITIES WHICH LIE ALONG CURVED SURFACES

We shall now consider the behavior of the series at a point of discontinuity
such that all other points of discontinuity in its neighborhood lie on a curved
surface through the point and such that the function f(z, y, z) approaches
a definite value as we approach the point of discontinuity from either side
of the surface. This surface is assumed to have a tangent planc at the
point of discontinuity under consideration and to be of such nature that
any plane through the point intersects the surface in a finite number of
curves or not at all.

Before proving our main theorem we shall have to prove several lemmas.

LemMA 8. The integral

w0 o rletpf . g <9 .9
sin®e sin®*g sin®y
(24) J; J; 'L e 4 b dedBdy
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converges for all values of A and w and represents a function of A and p,
Y(A, p), which is continuous for all vales of A and p and approaches n°/8 as
a limit as A and w become infinite in the same or opposite directions.

We shall consider first the case where 4 and w are both positive. If

we let .
ctpf . 9
sin
{P(l, w, &, /g) —__‘L' ),Sy d}'

we may write the integral (24) in the form

(25) f f o(d, , e, ) S0 S““g de dB.

It may readily be seen that ¢ (1, u, «, 8) is a continuous function of 1, u, , 8
for all values of these arguments and that it remains finite for all such
values. Therefore the integrand of (25) is a continuous function and as the
double integral (25) is uniformly convergent, ¥ (4, u), the function repre-
sented by (25), defines a function of 2 and g which is continuous for all
values of 4 and p.

If A and p» are of opposite sign, say 4 is negative, we may make the
substitution ¢« = — &’ and the proof follows in the same manner as before.
If both 2 and p are negative, we set « = — o', # = — g'. and the proof
follows similarly.

LemMA 9. The integral

A
0 —;:x Ae+pp . 2y 2
sin?e sin®g sin®y
e f ) e deasar,

where w remains fixed, converges for all values of A and represents a function
of 4, (1), which is continuous for all values of A and remains finite as A
becomes positively or negatively infinite.

Defining
Aot pf . g
f f sm ,8 sn; Y a8 dy

by x(2, @), we may write the integral (26) in the form

20 J;wx(z ) s“”‘ de.
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It is obvious that x(2, «) is a continuous function of 2 and « for all values
of these arguments and that it remains finite for all such values. Hence
the integrand of (27) is a continuous function of 4 and « for all values
of these arguments and since the integral is uniformly convergent for all
values of 4, it renresents a function, £2(4), which is continuous for all
values of 4.

As A becomes infinite x(4, «) approaches the limit n%/4, provided « + 0,
and hence 2(4) approaches n%/8 as a limit and therefore remains finite for
all positive values of 4.

For the case where 4 is negative, the proof may be carried out by
making the change of variable « = — o',

Lemma 10. If y = G («,B) represents a curved surface whose tangent
plane at the origin is y = Aa -+ uB and whose intersection with the «, 8
plane is B=g(a), and if y = G («,B) is inlersected in only a finite
number of curves in the meighborhood of the origin by any plane passing
through that point. the limits

fffwﬂ)sm’a sin® 8 sm’yd igd
lm,n—)oo lm’n o? s r? v

(28) h kA
1 fff“+#psin’a sin® 8 sm’ydadﬂd]
lmn 0 0 0 as ﬂ2 ’,2 e ’
ffg(a)fe(a’g)sma sin® 8 smrd igd
lm,n—)oo l'mn g 4

(29) ,
oa+up 2 P s 9
sin® e« sin? g sin®y
lmnff f o g7 dadﬂd’]’

where h and k are constants between 0 and n, will exist and be equal to zero
provided that A and p are not zero in (28) and that p is mot zero in (29).*
We shall carry out the proof where 4 and 4 are both positive, the other
cases following by a change of variable as in Lemmas 8 and 9.
Consider first the expression (28), writing the quantity in brackets in
the form

* If the equation of the surface or tangent plane is such that it can not be put in the
form used in the statement of the lemma, we may use « or 8 as the left-hand side of the
equations, modifying the remainder of the statement and the proof accordingly.
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L N o Y
L G@,p WG(a, B)
o walh L=
p q pdedp bk kb
et LT

where 0 <<p <%, 0 << q <k, the expression under the triple integral signs
being the same as that in (28). It is obvious that the second and third
terms of (30) approach zero as I, m and » become infinite. Then if we
can show that p and ¢ may be so chosen that for sufficiently large values
of I, m and » the first term of (30) may be made as small as we please
in absolute value, the lemma will have been demonstrated for the
expression (28).

Assume for the sake of definiteness that the portion of the surface above
the «, 8 plane lies above the tangent plane until possibly it intersects it.
We may choose a 4’ and p’ greater respectively than 4 and w#, such that
M/ = A/p and such that the plane y = 1« + p'B intersects the surface
in a curve whose projection on the «, 8 plane lies entirely within the
projection of any curve in which the tangent may cut the surface in the
octant 0—XYZ. If we draw a rectangle two of whose sides lie along
the « and B axes, within the area included between these axes and the
projection of the intersection of y = A'a /g and y = G («, 8) in this
octant, the vertex opposite the origin being (p, ¢, 0), we have

1 w g plletp'p ig G (e, f) Aoe+pf
lmn.JoLJ; lmnfjj >En—ﬁfff

the expression under the integral signs being the same as that in (28).
Making the transformation (21) we see that, p and ¢ being fixed, we can
choose ! and m so large that the first and third members of the inequality (31)
become as near Y (nd'/l,np'/m) and @ (nd/l, nu/m) respectively
as we wish, this function being defined as in Lemma 8. But since by that
lemma this function is continuous, it follows that for A’ and u’ sufficiently
near to A and p respectively, ¥ (nd'/l, np//m) and ¥ (nd/l, nwu/m)
differ for all values of [, m and » by as small a quantity as we please.*

* The restriction A+ 0, 2+ 0 is of course essential for this conclusion. When these
conditions do not hold, we must limit the freedom of variation of I, m and n as is pointed
out in Lemma 11.
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Hence from (31) p and ¢ may be so chosen that for I, m and n large
enough the first term of (30) is as small in absolute value as we please,
and the lemma is proved for the expression (28).

To prove it for (29) we write the quantity in brackets in that expression

in the form
) { f fg«x) J'-G(vf,ﬂ) fr f‘%“ flaﬂtﬂ}
Imn \Jo Jo 0 0o Jo 0
1 b rg(e) G(e,f) r ngle) ~G(e,p)
SRS R Rt A

P i
1 A R I M+ﬂ?
+ Tmn {ﬁ fo fo —Jo Jo J; ’

where 0 < » < h, the expression under the triple integral signs being the
same as that in (29).

Here as in (30) the second and third terms approach zero as I, m and »
become infinite. Then we have only to show that » may be so chosen
that for sufficiently large values of I, m and = the first term of (32) may
be made as small in absolute value as we please, and the lemma will have
been proved for the expression (29).

We shall again use the surface which we used in the proof for the
expression (28), considering that part which lies in the octant 0—XY’Z.
We may then choose a A’ greater than A4 and such that the plane y = e+ p 8
intersects the surface in a curve whose projection on the «, 8 plane in
the octant 0—XY’Z lies entirely within the projection of any curve in
which the tangent plane may cut the surface in that octant. Then if r is
the e codrdinate of the first point to the right of the origin in which the
tangent plane intersects the surface, we have

1 r 0 et p 1 r 0 G (e, )
Imn jo‘ f/y j; - Imn ﬁ L(a)J;
——a
1 r 0 Ao+ pf
S
Imn Jo 2 Jo

©
——a

©

(33)

where the expression under the integral signs is the same as before.
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Making the transformation (21) we proceed by a method analogous to
that used in the proof for the expression (28), using Lemma 9 instead of
Lemma 8, and the lemma is proved for the expression (29).

LemMA 11. If all the conditions of Lemma 10 are satisfied by y = G («, 8)
except that the tangent to the surface passes through the e- or B-axis or
coincides with the a, 8 plane we have the following results:

(@) if the tangent plane passes through the e-axis (A = 0), the limit (28)
exists and is equal to zero provided m and l become infinite in such a manner
that
(34) n/l < K,

where K is a positive constant. Similarly if the tangent passes through
the B-axis (w = 0), the limit (28) exists and is equal to zero provided
that m and m become infinite in such a manncr that

n/m < K,

(b) if the tangent plane passes through the e-axis the limit

G(ef) . 9 2
f fo f sma smﬂ smr dadf dy
lm,n—)oo lm’n o] gle) )’

will exist and be equal to zero provided 1, m and n become infinite in such
a way that the ratio between any two of them remains finite;
(¢) if the tangent plane coincides with the «, B plane the limit

G(a,p) 2 2
f f f sm’a smﬂ smy e df dy
lm,@-—)oo lm’n 7’

will be exist and be equal to zero provided 1, m and n become infinite as
provided in (b).

The proofs involved in this lemma may be obtained by making slight
changes in Lemma 10. For example, in the first part of (a) where 4 = 0,
we cannot say that if A’ is taken near enough to A, ¥ (nd'/l,nu'/m)
and Y (nd/l, nu/m) differ by as small a quantity as we please for all
values of 7, m and n. The statement is true for only such values of !
and n as satisfy the inequality (34). The remaining proofs may be carried
out by making similar changes in Lemma 10.

Before proceeding with the next theorem we shall define a term which
we wish to use in the statement of the theorem. If the quotient in (3),
corresponding to a triple series ) aimn, approaches a limit as !, m and »
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become infinite provided the ratios between !, m and n remain less in
absolute value than a positive constant, we say that the triple series is
restrictedly summable (Cr) and that its limit is the value approached. If
only one ratio needs to be restricted we say that the series is restrictedly
summable with respect to the quantities involved in that Fatio.

TuEOREM V. (a) Let f(x,y,2) be a function which is integrable
throughout the region (11) and (x1, y1, 21) @ point of discontinuity of
Sz, y, 2) such that every other point of discontinuity in its neighborhood
lies on a surface satisfying the following conditions: (1) the surface has
a tangent plane at the point (x1,y1,21) which is not parallel to any of the
coordinate axes; (2) no plane through the point (x1, y1, 21) intersects the
surface in an infinite number of curves in the neighborhood of that point;
and (3) the function f(x,y,z) approaches a definite value as we approach
(z1, y1, 21) from either side of the surface. Then the series (4) will be
summable (C1) at the point (z1, y1, 21) to a value half way between the
limiting values of the function at that point, provided f(x,y,z) remains
finite in some critical region associated with (z1, y1, 21).

(b) If all the other conditions are fulfilled, but the tangent plane to
the surface at (a1, y1, 21) is parallel to a covrdinate axis or plane, the
series will be restrictedly summable to one-half the sum of the limiting values
of the function at (21, y1, 21). If, however, the plane tangent to the surface
at (z,y,z2) is parallel to only ome of the coordinate axes and remains
tangent to the surface in a line parallel to that axis, only ome ratio meeds
to be restricted, the ratio being m/m, ln, m/l, according as the line of
tangency s parallel to the x-, y-, or z-axis.

We shall consider first the case (¢). We may choose a rectangular
parallelepiped B with (x;, %, z1) as its center, such that the tangent plane
passes through one diagonal and all points of discontinuity in the parallele-
piped lie on the surface of discontinuity, and small enough so that the sur-
face of discontinuity does not intersect the plane tangent to the surface within
the parallelepiped, except perhaps at the point of tangency.

The Fourier series corresponding to f(z, y, z) may then be written

(1) ’
Stmn (21, Y1, 1) __ lm;n3jfj;’f(xl+2a’yl+2ﬁ’ za+27)

Imn

sin®le sin®mpB sin*ny
sinfe  sin*g  sin®y

+ l—mﬁffﬁ/(xﬁ 2e, 4,428, 2,+27)

sin?le sin®*mpB sin*ny
sinfe  sin®8  sin®y
24

de dB dy
(35)

de dB dy,
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where R’ represents the rectangular parallelepiped into which R is trans-
formed by the change of variable (13) and R” is the remainder of the region
of integration of the integral (14). The second term of (35) vanishes as
I, m and n become infinite, by Lemma 1. Then in order to prove our
theorem we have only to show that as [, m and » become infinite the
first term approaches a value which is one-half the sum of the limiting values
of f(x) Y, Z) at (xl, Y1, 2’1).

Let the surface of discontinuity divide the parallelepiped into two parts,
R; and R; and let f; and f> be the limiting values of the function as we
approach the point of discontinuity through R; and Rj respectively. Then
the first term of (35) may be written

(36) ﬁffﬁ—*_m%’t?fij

where the quantity under the triple integral signs is the same as in (35).
We shall show that the first term of (36) approaches 1/, as a limit as I, m
and n become infinite.

The tangent plane to the surface at (x,, ¥y, 2;) divides the region Rj into
two parts; let D; be that one which lies on the same side of the tangent
plane as R; does of the surface of discontinuity. Then by Lemma 10

sm’la sm’mﬂ sin® nr

) S S L deaay
sm’la sin mﬂ sin? n;'

lmn ffj;el 7’ dedfdy

approaches zero as I, m and n become infinite, and hence by Lemma 5

1 sin®le sin®*mpB sin®ny
Imn ffj;, sin®e sin®!g  sin®y dedB dy

1 sinfle sin®*mp sin*ny
Imn ffL, sinfe sin?8  sin®y dedBdy

approaches zero as 7, m and n become infinite. But by Lemma 4 the first term
of (37) approaches n%/2 and hence the second term must also approach =%/2
as l, m and n become infinite. Therefore the first term of (36) approaches 2 f;
as !, m and » become infinite. Similarly it may be shown that the second

@37

(38)
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term of (36) approaches the value 1 /; and therefore the whole expression (36)
and hence the right-hand side of (85) approaches 2(f;-+ ;) as !, m and n
become infinite, and part (a) of the theorem is proved. Part (b) may be
proved similarly by using Lemma 10 instead of Lemma 9.

We wish now to show that restricted summability is all that may be
established for part (b). Since the proofs are analogous for the cases
where the tangent plane is parallel to a codrdinate axis or to a codrdinate
plane, we shall give the proof only for the latter, considering the develop-
ment of a function that is continuous throughout the region (11) except
on a curved surface lying above the x, y plane and tangent to it at the
origin, and that approaches f; as we approach the surface of discontinuity
from above the surface and f; as we approach it from below.

From Moore’s generalization of Fejér's theorem,

00, 00

T T
f(xl) 0, 0) 2 -1 2 E(l/mH_EWf —xf(x” ?/7 zl)

-cos[(m —1)y']cos[(n —1)2']d'dy'dz’ (2’ F0).

The series on the right may be integrated term by term if we multiply it
by a continuous function of 2, and therefore

1 3
QED 1 J: f(@',0,0)cos[(I —1)2'] da’

[

it 2E(l/l)+E(l/m)+E(1/n) 5 f J:n f («',y', )

ccos[(I—1)x'] cos[(m —1)y'] cos[(n —1)2'] dx'dy’d7’,

and by the generalization of Fejér’s theorem,

‘o

0
Zl{m Z;t 12E(1/l)+E(1/m)+E(1/n)n f f_ . f (9, 2)

-cos[(I—1)x'] cos[(m —1)y'] cos[(n —1)2] dx’dy’dz’}

) 1 7r
=l=1mf_nf(x,’070) cos[(l—1)z'] da’ = f;,

24*
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and the expression (1/1mn) [Sias (0, 0,0)] approaches f; if we let m and

become infinite holding ! fixed, and then let ! become infinite. If we let
! and » become infinite holding m fixed and then let m become infinite the
series is again summable to f; at the origin, but if we let 7 and m become
infinite and then =, the value to which the series is summable at the
origin is i (fi+/:) and hence the triple series cannot be summable in
the ordinary semse. As pointed out above, it may be shown in analogous
fashion that restricted summability is all that can be proved when the
tangent plane is parallel to one codrdinate axis.

By methods similar to those of Theorem V and its preliminary lemmas
we may obtain the value to which the function is summable at points of
discontinuity such that all other points of discontinuity in their neighborhood
are on two or more curved surfaces through the point, or lie at the inter-
section of two or more such surfaces. The results in these cases are
analogous to those of Theorems II, IIT and IV, except that when the
tangent to one or more of the curved surfaces is parallel to a codrdinate
axis we have restricted instead of ordinary summability.
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